
Causal Discovery in Linear Latent Variable 
Models Subject to Measurement Error
Yuqin Yang1 AmirEmad Ghassami2 Mohamed Nafea3  Negar Kiyavash4 Kun Zhang5,6 Ilya Shpitser2

1Georgia Tech  2Johns Hopkins University  3University of Detroit Mercy  4EPFL  5Carnegie Mellon University  6MBZUAI

Motivation Mapping Between ME & UR Model

Model Definition

Mapping between the weighted causal diagrams of a 
SEM-ME and a SEM-UR:
§ u-leaf         latent 
§ Reverse all edges 

Identifiability Results (Cont’d)

Recovery AOG-EC DOG-EC

(i) Order among groups Yes Yes

(ii) Edges across groups No Yes

(iii) Center of each group No No
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Simulations

(1) A noisy version of the true mixing 
matrix is given as inputTheorem 1: The mixing matrix of the models under the 

mapping are transpose of one another. 

Linear SEM with Measurement Error 
(SEM-ME)
§ Underlying model:  
§ can be partitioned into 

§ Canonical form: Without loss of generality, 
unobserved leaf nodes (u-leaf nodes) are 
assumed to have no exog. noise terms [1]

Linear SEM with Unobserved Roots 
(SEM-UR)

§ Assuming latent variables to be roots 
does not affect the estimated total 
causal effects among observed variables

Assumption 1 (Separability): Mixing matrix 
transforming exog. noises to obs.  variables 
can be recovered from obs. distribution
§ Satisfied when all noises are non-Gaussian

Identifiability Results

SEM-UR

We characterize the extent of identifiability for both 
models under mild assumptions. 

Assumption 2 (Two-fold faithfulness)
§ Part (a):  Conventional faithfulness in linear models
§ Part (b):  Prevents certain measure-zero parameter 

cancellation or proportionality 

Theorem 2: Under Assumptions 1 & 2(a), a SEM-ME 
& a SEM-UR can be recovered up to its AOG 
Equivalence Class (AOG-EC). 
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Theorem 3: Under Assumptions 1 & 2, a SEM-ME & 
a SEM-UR can be recovered up to its DOG 
Equivalence Class (DOG-EC). 

There are complexities in real-life data that 
make causal discovery challenging
§ Two main sources of complexities: Latent 

confounding and measurement error

Majority of causal discovery methods assume 
that there are no such complexities in the 
system
§ Leading to incorrect recovery on real data

Remark: Any identifiability result based on mixing matrix
for one model can be translated to the other model.

Corollary: The structure of a SEM-UR can be 
uniquely identified.

Example

Remark: Model can be identified by the choice of 
the centers of the stars (or their corresponding 
exogenous noise terms) in each group.

Example

• Edges across groups can be identified for 
DOG, bot not for AOG.

(2) Synthetic data with non-Gaussian noise

• d: Variance of the added Gaussian noise on 
the mixing matrix

V = CV +NV
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•
• The causal effect of        and  

on        can be summarized by        
alone, due to the parameter 
cancellation on the red triangle

Z4 = (b+ c)Z2 +NZ3
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Z2
<latexit sha1_base64="4NDyJTA4GAPRZKFe0OmstYmHCkQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe2oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDfcY2D</latexit><latexit sha1_base64="4NDyJTA4GAPRZKFe0OmstYmHCkQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe2oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDfcY2D</latexit><latexit sha1_base64="4NDyJTA4GAPRZKFe0OmstYmHCkQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe2oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDfcY2D</latexit><latexit sha1_base64="4NDyJTA4GAPRZKFe0OmstYmHCkQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe2oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDfcY2D</latexit>

Z2
<latexit sha1_base64="4NDyJTA4GAPRZKFe0OmstYmHCkQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe2oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDfcY2D</latexit><latexit sha1_base64="4NDyJTA4GAPRZKFe0OmstYmHCkQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe2oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDfcY2D</latexit><latexit sha1_base64="4NDyJTA4GAPRZKFe0OmstYmHCkQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe2oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDfcY2D</latexit><latexit sha1_base64="4NDyJTA4GAPRZKFe0OmstYmHCkQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe2oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDfcY2D</latexit>

Z4
<latexit sha1_base64="5HrQAA0MlRiTBGrki182nUyFgr8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe2oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3VKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDieY2F</latexit><latexit sha1_base64="5HrQAA0MlRiTBGrki182nUyFgr8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe2oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3VKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDieY2F</latexit><latexit sha1_base64="5HrQAA0MlRiTBGrki182nUyFgr8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe2oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3VKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDieY2F</latexit><latexit sha1_base64="5HrQAA0MlRiTBGrki182nUyFgr8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe2oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3VKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDieY2F</latexit>

SEM-ME

)
<latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit>

H = NH , X = BH +AX +NX
<latexit sha1_base64="yuNqclv6aFPHQDYwZbbxR6ko1B0=">AAACHHicbVDLSsNAFJ3UV62vqks3g0UQKiVRQTdCrZuspIJ9QBPCZDJph04ezkyEEvIhbvwVNy4UceNC8G+ctkG09cDAuefcy9x73JhRIXX9SyssLC4trxRXS2vrG5tb5e2dtogSjkkLRyziXRcJwmhIWpJKRroxJyhwGem4w6ux37knXNAovJWjmNgB6ofUpxhJJTnlExNewGvHPLLuEuTBrqqsAMmB66eNDJqw+lNeZsqtqt6uU67oNX0COE+MnFRAjqZT/rC8CCcBCSVmSIieocfSThGXFDOSlaxEkBjhIeqTnqIhCoiw08lxGTxQigf9iKsXSjhRf0+kKBBiFLiqc7ypmPXG4n9eL5H+uZ3SME4kCfH0Iz9hUEZwnBT0KCdYspEiCHOqdoV4gDjCUuVZUiEYsyfPk/ZxzdBrxs1ppd7I4yiCPbAPDoEBzkAdmKAJWgCDB/AEXsCr9qg9a2/a+7S1oOUzu+APtM9vLumeVQ==</latexit><latexit sha1_base64="yuNqclv6aFPHQDYwZbbxR6ko1B0=">AAACHHicbVDLSsNAFJ3UV62vqks3g0UQKiVRQTdCrZuspIJ9QBPCZDJph04ezkyEEvIhbvwVNy4UceNC8G+ctkG09cDAuefcy9x73JhRIXX9SyssLC4trxRXS2vrG5tb5e2dtogSjkkLRyziXRcJwmhIWpJKRroxJyhwGem4w6ux37knXNAovJWjmNgB6ofUpxhJJTnlExNewGvHPLLuEuTBrqqsAMmB66eNDJqw+lNeZsqtqt6uU67oNX0COE+MnFRAjqZT/rC8CCcBCSVmSIieocfSThGXFDOSlaxEkBjhIeqTnqIhCoiw08lxGTxQigf9iKsXSjhRf0+kKBBiFLiqc7ypmPXG4n9eL5H+uZ3SME4kCfH0Iz9hUEZwnBT0KCdYspEiCHOqdoV4gDjCUuVZUiEYsyfPk/ZxzdBrxs1ppd7I4yiCPbAPDoEBzkAdmKAJWgCDB/AEXsCr9qg9a2/a+7S1oOUzu+APtM9vLumeVQ==</latexit><latexit sha1_base64="yuNqclv6aFPHQDYwZbbxR6ko1B0=">AAACHHicbVDLSsNAFJ3UV62vqks3g0UQKiVRQTdCrZuspIJ9QBPCZDJph04ezkyEEvIhbvwVNy4UceNC8G+ctkG09cDAuefcy9x73JhRIXX9SyssLC4trxRXS2vrG5tb5e2dtogSjkkLRyziXRcJwmhIWpJKRroxJyhwGem4w6ux37knXNAovJWjmNgB6ofUpxhJJTnlExNewGvHPLLuEuTBrqqsAMmB66eNDJqw+lNeZsqtqt6uU67oNX0COE+MnFRAjqZT/rC8CCcBCSVmSIieocfSThGXFDOSlaxEkBjhIeqTnqIhCoiw08lxGTxQigf9iKsXSjhRf0+kKBBiFLiqc7ypmPXG4n9eL5H+uZ3SME4kCfH0Iz9hUEZwnBT0KCdYspEiCHOqdoV4gDjCUuVZUiEYsyfPk/ZxzdBrxs1ppd7I4yiCPbAPDoEBzkAdmKAJWgCDB/AEXsCr9qg9a2/a+7S1oOUzu+APtM9vLumeVQ==</latexit><latexit sha1_base64="yuNqclv6aFPHQDYwZbbxR6ko1B0=">AAACHHicbVDLSsNAFJ3UV62vqks3g0UQKiVRQTdCrZuspIJ9QBPCZDJph04ezkyEEvIhbvwVNy4UceNC8G+ctkG09cDAuefcy9x73JhRIXX9SyssLC4trxRXS2vrG5tb5e2dtogSjkkLRyziXRcJwmhIWpJKRroxJyhwGem4w6ux37knXNAovJWjmNgB6ofUpxhJJTnlExNewGvHPLLuEuTBrqqsAMmB66eNDJqw+lNeZsqtqt6uU67oNX0COE+MnFRAjqZT/rC8CCcBCSVmSIieocfSThGXFDOSlaxEkBjhIeqTnqIhCoiw08lxGTxQigf9iKsXSjhRf0+kKBBiFLiqc7ypmPXG4n9eL5H+uZ3SME4kCfH0Iz9hUEZwnBT0KCdYspEiCHOqdoV4gDjCUuVZUiEYsyfPk/ZxzdBrxs1ppd7I4yiCPbAPDoEBzkAdmKAJWgCDB/AEXsCr9qg9a2/a+7S1oOUzu+APtM9vLumeVQ==</latexit>
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We compare the performance of our DOG 
recovery algorithm with AOG-based algorithm [3] 
and LiNGAM on both models under two settings.  

• N: Sample size / Number of obs. variables
• Estimate the mixing matrix from data using 

Reconstruction ICA

• : Observed variables 
Measured without error

• : Unobserved variables 
Measured with error: 
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Canonical Model

Example

Ancestral Ordered Grouping (AOG) and 
Direct Ordered Grouping (DOG)

Variables are partitioned into distinct groups such that:
§ Each group contains at most one non u-leaf node
§ Graph induced on each group is a star graph
§ u-leaf  nodes are assigned either to the group of a 

parent or a separate group based on different 
graphical conditions (see the paper)

§ DOG is a finer partition than AOG

Proposition: Under Assumptions 1 & 2, any 

model that belongs to the AOG-EC of the ground-
truth but not the DOG-EC has strictly more edges.

1) Recover the mixing matrix from observed data.
2) Return the AOG of the model by checking the 

support of the mixing matrix. (See the paper)
3) For all possible choices of the centers, find a 

choice that leads to the graph with fewest 
number of edges in the recovered model.

DOG Recovery Algorithm
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• Strictly weaker than bottleneck faithfulness [2]

Results show that our algorithm outperforms AOG-
based method, and both outperforms LiNGAM.

This demonstrates the necessity of using methods 
designed specifically to handle complexities.
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